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This paper deals with a two-dimensional stress analysis of butt adhesive joints, with a circular hole
defect in the adhesive, subjected to external bending moments. The analysis was done using the
two-dimensional theory of elasticity in order to examine the strength of the joints. It was assumed that
the adherends were rigid and the adhesive was replaced with a finite strip including a hole defect. The
effects of the location and size of a hole defect on the stress distributions around the hole and at the
interfaces were obtained by numerical calculations. In addition, the singular stress near the edge of
the interface was obtained. For verification, photoelastic experiments were performed. The analytical
results were fairly consistent with the experimental results. It was seen that the principal stress around
a hole becomes larger with a certain shift toward the freec boundary. It was also seen that the stress
concentration became larger with an increase of the size of the hole.

KEY WORDS Elasticity; stress analysis; butt adhesive joints; bending moment; photoelasticity;
circular hole; defect; stress singularity.

1 INTRODUCTION

Adhesive joints have been used in mechanical structures with the development of
modern structural adhesives. Adhesive joints have many attractive features
including, (i) stress concentration does not appear because there is no hole

* Corresponding author.
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present, unlike bolted or riveted joints (ii) it is possible to join different materials
easily. But adhesive joints have not been used in principal load-bearing parts of
structures, because of large deviations in the strength of the adhesive. Until now,
adhesive joints have been designed empirically. However, data are now available
for the establishment of an optimal design method. Up to now, some investiga-
tions have been carried out on lap, scarf and butt adhesive joints using the finite
element method,'™ and the theory of elasticity.*” In most of these analytical
investigations, the joints were considered to contain no defects, such as a small
hole or a fillet in and at the ends of the adhesive. In the process of making
adhesive joints, defects such as the hole and the fillet mentioned above often
occur. These defects are thought to be one of the reasons for the deviation in the
measured strength of adhesive joints. However, the effect of these defects on the
stress distributions and the strength of the joints have not been fully elucidated,
to our knowledge, except for butt adhesive joints having a circular hole in the
adhesive subjected to external tensile loads® and lap joints having multiple flaws.’
A thorough investigation of the impact of defects is needed in order to establish
an optimal design method for adhesive joints.

The purpose of this study is to clarify the effect of a circular hole in an adhesive
on the stress distributions of butt adhesive joints subjected to external bending
moments. Two assumptions are made; i) The two adherends are assumed to be
rigid thin plates, and ii) The adhesive layer has a circular hole defect. The stress
distributions in the joint are analyzed using a two-dimensional theory of elasticity
and an iteration method to satisfy the boundary conditions of the adhesive layer
and the hole periphery sufficiently. Furthermore, the effects of the location and
size of a hole on the stress distributions are clarified by numerical calculations
and photoelastic experiments.

2 THEORETICAL ANALYSIS

Figure 1 shows a butt adhesive joint subjected to an external bending moment M
in which two similar thin plates, hereafter called the adherends (II), are bonded
by an adhesive (I) with a circular hole of radius a at the position (x,, y;). The
width and the thickness of adhesive (I) are designated by 2/ and 2k, and its
Young’s modulus and Poisson’s ratio are E and v, respectively. In the analysis,
each adherend (II) is assumed to be a rigid plate of semi-infinite length and of the
same width as the adhesive (I). The boundary conditions on the adhesive are
expressed by Eqgs. (1) and (2), and that at the hole periphery is expressed by Eq.

()

o,=0, T,=0 (x=4=I) ¢y
_& ou_ -
v="Tx 5o=0 (y=1h) )]

o,=0, T =0 (r=a) 3)
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FIGURE 1 A butt adhesive joint with a circular hole subjected to an external bending moment.

where, g, and o, denote the normal stresses, t,, and 7, the shear stresses, and u
and v the displacements in the x- and y-directions, respectively, and ¢, denotes
the maximum displacement at x =/ and y = h. M is given by the equation

!
M=I 0y|y=ih'xdx.
-1

Plane stress conditions are assumed. A solution which satisfies the equations
(1)-(3) is obtained using Schwartz’s alternating method of the following analytical
steps.

Step 1. The stress distribution on the joint, which contains no circular hole in
the adhesive under the boundary conditions (1) and (2), is solved analytically
using the two-dimensional theory of elasticity. The stress distributions o, and 1,4
at the hole periphery (r = a) are obtained analytically from this solution.

Step 2. In order to satisfy Eq. (3), the stresses equivalent to o, and 7,
obtained in Step 1, are added reversely to the adhesive(I) such that the stresses at
the hole periphery are eliminated. In this step, the stresses and the displacements
are expressed as the following equations (4) and (5) using Airy’s stress function
in polar coordinates.'®

13y 1384y )

=t ——
o ror r?o6?

3y
Og = 2 ¢ 4)

18y 1 3%y
o= —=

230 roraf)
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, 3 18 1 &

= pa— + _
or* rdr r’ae?
and G is the shear modulus of the adhesive (G = E/2(1 + v)).

Generally, the stress function vy for an infinite plate including a circular hole as
shown in Fig. 2(a), is expressed as the following Eq. (6). Moreover, Eq. (7) is

L/_Adhesive

y
"DX.IU
T T 1 | [
n h 0,
|- 1 1 :l y
N 0
{Adhesive -h Txy
(b)

FIGURE 2 Model for analysis of adhesive.
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obtained from Eqs. (4) and (6).
Y=Ag0 + Bylogr+Arlogrcos 8+ Br@sin 8 + C,r8 cos 6 + D;r log r sin 0

+ D {Ar "+ B,r"*?) cos(n8) + >, {C,r™" + D,r"*?} sin(n8) (6)
n=2 n=2
A D, 2C )
0,=§§9+ <—1+@) cos 6 + (—1——1) sin 0
r r r r r

- i {n(n+1DA,r "2+ (n—1)(n + 2)B,r ") cos(n8)

- i {n(n+1)C,r " *+ (n—1)(n +2)D,r "} sin(n6) L @)

Ay A D d
1,9=—2°+——lsin 6 ——cos 0 — {n(n+ DA, r "2
r r r n=2
+n(n—1)B,r "} sin(n)
+ D {n(n +1)C,r "2+ n(n — 1)D,r™"} cos(n8) J
n=2
In these equations, Ay, A,,...,A,, B,, C,, and D, (n=1,2,3,...) are

unknown coefficients. They are determined by comparing the coefficients in Eq.
(7) with those of the stresses (—o,, —7,) added to the adhesive (I), and
transformed into Fourier series. The stress distributions o, and 7,, and the
deviation du/dx of displacement and the displacement v are generated again at
the boundary of adhesive (I) (x = £/, y = +h), as shown in Fig. 2(b), and they
are expressed by using the stress function vy and Eqgs. (4) and (5).

Step 3. Again, in order to satisfy Egs. (1) and (2), the stresses and the
displacements contradicting those generated in Step 2, must be added to adhesive
(D). In this step, the stresses and the displacements are expressed as the following
equations (8) and (9) using Airy’s stress function y in rectangular coordinates':

3x x 3y
o, = ay?’ O =52 T = 75y 3y (8)
3y 1 3¢ 3y 1 3¢
26u=—-——"+——, 2W6Gr=—-2+ ¥
" ox 1+wvoy v dy 1+vox ©)
where i ,
¢ 3 &
Véx =0, V¢ =0, % =—<V2=—+—)
x ¢ X= o dy x> ay?

The stress function y for the adhesive (I) is taken as follows® from solutions of
variables separated of biharmonic functions under the boundary conditions of the
stresses and the displacements generated in Step 2.

X=X0+X1+X2
Xo=kyxy + kox? + k3 y® + koxy® + ksx?y + ke y®
Xi=x1t+tx2t X3+t Xa
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Xl(An) B.w l h anr As’ An! Qs; X, )’)

‘E

[{sh(a,,l) + a,l ch(a,l)} ch(a,x) — sh(a,!) o, x sh(a,x)] cos(a, y)

[{sh(/l h) + Ak ch(Ah)} ch(A,y) —sh(A,;h)A, y sh(A;y)] cos(Ax)

l h, @, A, A, Q,, %, y)

+ i -B— [{ch(/l h) + A.h sh(Ah)} sh(A,y) — ch(Ah)A,y ch(A,y)] cos(A,x)

X3 =X3(A ’ l h a’m A;: Anr Qs: x, )’)
= ) AA 5 [{sh(an) + a;l ch(a,l)} ch(a,x) — sh(a,l)a,x sh(anx)] sin(a,y)
+ QB = [{sh(Ash) + Ash ch(Ash)} ch(A;y) — sh(Ah)Ay sh(A;y)] sin(A,x)
s=1
X4—X4(= {. l h a/m A’.;’ Arn Q.nx’y)
= ZA [{ch(a;l) + a;l sh(a,l)} sh(a,x) — ch(a,)a,x ch(a,x)] sin(a,y)
n=10, n
+ QB).’Z [{ch(A;h) + A;h sh(A;h)} sh(A;y) — ch(A;h)Asy ch(A;y)] sin(A;x)
s=1

Xz=x{+x2+x3+x4
= x;(A',U B;) l! h! ar’u )‘;1 Ar,u Q;r X, )’)

2 Iz “— {ch(a,l)a,x sh(a,x) — a,l sh(a,l) ch(a,x)} cos(a,y)

i ;,2 {ch(A,h)Aly sh(A;y) — A;h sh(A;h) ch(A;y)} cos(Ax)
Z

© BL Lk, ), AL AL QL x,y)

Da,x ch(a,x) — a,l ch(a,l) sh(a,x)} cos(a,y)

| A
+ 2 Qllrz {Sh(l h)]._‘.y Ch(ls}’) Ash Ch(/l h) Sh(),sy)} COS(}»'x)

Xé = Xa(A B.;y l h &p, A’s’ An; Qs’ X, y)
> A,

{ch(a, )&, x sh(a,x) — &, sh(a,l) ch(a,x)} sin(a, y)

;\
:N

n=

,A
+2
s=1

{ch(A h)A,y sh(i;y) — Ah sh(Ah) ch(A,y)} sin(A.x)

2
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;= Xd(Am B.\{: l h &y, A's’ Any Qs; X, y)

= 5’:‘“2 {sh(a,))a@,x ch(a,x) — a,l ch(a,l) sh(a,x)} sin(a, y)
n=10,&,
+> ffs {sh(A;h)A,y ch(A,y) — Ak ch(Ah) sh(A,y)} sin(A,x) (10)
s=1
where o
nmw , 2n-—-1 ST , 25—1
W=G W=y A=T A=
A,=A,= (a)—sh(al)ch(al)+al
A,=AL=A (a ) = sh(a,!) ch(a,l) —
Q. =Q. =Q,(A,)=sh(Ah)ch(A, h)+)Lh
Q, = Q! = 8,(4,) =sh(Ah) ch(Ah) — Ah
A, =K, =A(a), A, =B=4,@), Q=0/=0(),

&, = S=2 Q,(A.), sh:sinh ch:cosh

In Eq. (10), ky, . . ., ke, A,y Ay, A, A, A, Al A, A B, B, B, B, B!,
B;, B., B, (n,s=1,2,3,...) are unknown coefficients. The unknown
coefficients are determined by comparing the coefficients of both the stresses and
the displacements transformed into Fourier series as was done in step 2. Thus, the
stress function y can then be selected. In addition, the stresses o, and 1,4 at the
periphery of the circular hole (» = a) are generated again and they are expressed
by using the stress function y and Eq. (8). The procedure of Steps 2 and 3 is
continued until the boundary conditions shown in Egs. (1), (2) and (3) are
satisfied sufficiently, and finally the stresses and the displacements in adhesive(I)
can be obtained.

) ||

3 EXPERIMENTAL METHOD

In order to measure the stress distribution on adhesives in detail, the adherends
and the adhesive shown in Fig. 3 were used in photoelastic experiments. A pure

Adherend Adhesive
t<6.05
: ; ’
(/ {J g K I ﬂ
>
.i—y‘o
30 45 of 120
90 R
£6.05 o "r“J o A
‘ AY24 N/
lo
Hole position 30 " T20 30

xo|0 15 0 |5 ] [
YolO 0 4 4 AVLLALTLAR LR RN RNRNANANAANANNY

FIGURE 3 Dimensions of adherend and adhesive, and a sketch of experimental apparatus.
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bending moment is applied to the joint using an apparatus shown in Fig. 3. The
adhesive is made of epoxy resin and the adherend is made of steel for structural
use (S45C, JIS). Young’s modulus of steel (205 GPa) is about 60 times larger than
that of epoxy resin (3.43 GPa) so that the adherends were considered to be
relatively rigid."' The specimen thickness was 6.05mm and the bonded surfaces
were finished by grinding. After bonding and curing, photoelastic experiments
were performed. A pure bending moment (6.25 Nm) was applied to the joint by
using a four-point-bending experimental system. The hole was made by milling
and the residual stress was found to be 1.00N/mm?. The specimens were heated
gradually to 125°C in an hour and kept at the maximum temperature for 40
minutes. Then, they were cooled down gradually to 80°C in four hours and left in
a furnace. After annealing, the residual stress of 1.00N/mm? was removed.

4 RESULTS AND CONSIDERATIONS

4.1 Principal stresses at the interface and at the hole periphery

In numerical calculations, the number of terms, N, of the series was taken as 40
and the alternating number as 15, using steps of <1% so that a satisfactory
degree of convergence was expected. In order to estimate the strength of joints
and the initiation point of fracture in the joint when the joints are subjected to
external bending moments, the maximum principal stresses at the interface
between the adherend and the adhesive and at the hole periphery were examined
numerically. Figure 4 shows the stresses when the hole is at the center
(xo=yo=0) of the adhesive. In this figure o, is the value of the stress o, (the

2.0 T : T T

— 0 y
1.5F ==--0y 4

Uy /0ym

Ul/UyM

/ /Rg% N
‘_{I_[_ 01/0ym
0.2

0.0 0 0.0 0.2

(b)

(a)

FIGURE 4 Distribution of stresses in the case where a hole is at the center: x, =y, =0.
(a) at the interface (y = th).
(b) at the hole periphery (r =a) [h/l=0.4, a/h =0.3].
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dotted line) at x =/ which is supposed to be linearly distributed at the interface
and which is expressed by an alternate long and short dash line. The maximum
principal stress distribution at the interface is described by a solid line shown in
Fig. 4(a). From this figure, it is seen that the maximum principal stress o, is
1.140,, near both ends, i.e. at x = +0.98/, because the stresses at both ends are
singular. Similarly, the maximum principal stress distribution at the hole
periphery is shown in Fig. 4(b). It is seen that the maximum principal stress o, is
0.1860,, at both ends of the hole in the x-direction (x = +0.12, y =0). Figure 5
shows the maximum principal stresses when the hole is shifted to the position of
x0=0.6/ and y,=0. In both Fig. 5(a) and (b), the maximum principal stresses
distribute asymmetrically to the y-axis, and the maximum stresses o, are 1.220,,,
and 1.680,, near the edge of the interface (x =0.98/, y = +h) and at the end of
the hole in the direction of the hole shift (x =0.72/, y =0), respectively. The
maximum principal stress at the periphery of the hole is larger than that at the
interface between the adherend and the adhesive when the hole shifts to the
x-direction. Taking account of the stress singularity at the interface, it is difficult
to predict the first position where a fracture will be caused, but it is seen that the
maximum principal stress at the hole periphery has an influence on the bending
strength of the adhesive joint.

4.2 The relationship between the hole position and the maximum principal
stress

Figure 6 shows the stress distribution (0,/0,,) of an adhesive at y =0 in the

x-direction when a joint has a hole at the center of the adhesive. It is seen that

the stress o, at the hole periphery equals 0.180,,. Figure 7 shows the stress

distribution (0,/0,,) at y =0 in the x-direction when a joint has a hole at the

1.0 r\T_/

0.5F T .

0.0 |

01/0ym

01/0Qym

(b)

(a)

FIGURE 5 Distribution of maximum principal stress in the case where a hole is at x, = 0.6/, y,=0.
(a) at the interface (y = th)
(b) at the hole periphery (r =a) [/l =0.4, a/h =0.3].
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0.0 0.2 0.4 0.6 0.8 1.0
X/L

FIGURE 6 Stress distribution g, when a hole is at the center: x5 =y, =0.
[y=0, #/I=0.4, a/h=0.3].

position of xo = 0.6/ and y, =0 in the adhesive. In this case, the stress increases at
both ends of the hole (x =0.48/, y =0 and x = 0.72], y =0). However, the stress
o0, becomes maximal at the hole periphery (x = 0.72/, y = 0) which is close to the
free surface of the adhesive. By numerical calculation, this was found to be
1.680,y. Furthermore, when the hole shifts to the position of x,=0 and
Yo = 0.4h, the stress distribution o, is much the same as in the case of Fig. 6. The

2.0 T T I 1
i
1'5— /-\_/T i
e
=
= !
~ 1-0_ g/*\ =
&
~
M
0.5 .
1 1 1 |
0.0 0.2 0.4 0.6 0.8 1.0

X/L

FIGURE 7 Stress distribution o, when a hole is at x,=0.6/, y =0.
[y=0, h/1=04, a/h=0.3].
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value of the stress g, is 0.180,,, at the hole periphery (x = +0.12/, y =0.4h).
When the hole shifts to the position of x,=0.6/ and y,=0.4h, the stress o,
becomes maximal at the hole periphery (x =0.72/, y = 0.4h), as was the case for
Fig. 7. The value of o, becomes 1.610,,,; however, it is slightly smaller than that
of the case when the hole shifts in the x-direction only. It is seen that the stress o,
in the case where the hole is on the x-axis is larger than that in the case where it
shifts in the y-direction. Figure 8 shows the relationship between the maximum
principal stress and the hole position in the x-direction of the adhesive. The solid
line represents the case where the hole radius a is 0.12/, and the dotted line the
case where the hole radius a is 0.012/. From this figure, it is seen that the
maximum principal stress increases with an increase of the shift of the hole to the
free boundary of the adhesive, ie. it is significantly larger than 2.09 o, in the
case where the hole is at the position of x, = 0.8/ and y, =0 and the hole radius a
is 0.12h.

4.3 Effect of the size of the hole

In practice, adhesive joints probably contain holes (microdefects) of various size
in the adhesive layer. Hence, the effect of hole size on the principal stress at the
periphery of the hole located at the center of the adhesive (x,=y,=0), was
examined numerically. The analytical result is shown in Fig. 9. In this figure, the
abscissa is the ratio a/! of the hole radius to the half-width of the adhesive and the
ordinate is the stress 0,/0,,. The solid line represents the case where the ratio
h/l of the thickness to the half-width of the adhesive is 0.4, and the dotted line
the case where the ratio is 0.2, and the alternate long and short dash line the case
where the ratio is 0.04. From this figure, it is seen that the maximum principal

01/0yM

1 i 1 !
0.0 0.2 0.4 0.6 0.8 1.0
Xo/%

FIGURE 8 Relationship between hole position and maximum principal stress at the hole periphery.
[y=0, a/h=0.3].
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0.20 T T
— h/2=0.4
-=-= 0.2
0.15F 1
—-— 0,04
=
2 0.10F 7
~
S T
0.05} ,/” .
/”’
L= 1
1
0.00 0.04 0.08 0.12
a/4

FIGURE 9 Relationship between ratio /! and maximum principal stress at the hole periphery.
[(x0, y0) = (0, 0)].

stress increases with an increase in the hole radius (ie., the strength of the joint
decreases relatively with an increase in the hole radius). In addition, the
maximum principal stress tends to decrease with a decrease of the thickness of the
adhesive.

4.4 Stress distribution near the edge of the interface

Figure 10 shows the relationship between the maximum principal stress 0,/0,
and the distance r from the edge of the interface on a logarithmic scale.'? This

2.0 I I 1 T T
1.5k 0L _0.444
\-\ Oyw ro-254
1.0F : ~
0.8 03 _0.425 |
Oym ro-254
éo 6 Hole position (xo.,Vo)
go,u- (0.64,0)
—-— (0,0)
y ~
L ( i
0.2 ?}—&r:*x
r=1-X)/L 1
0.1 ] | B
0.01 0.1
r

FIGURE 10 Distribution of maximum principal stress near the edge of the interface indicated
on logarithmic scales.
[y = th, h/1=0.4, a/h =0.3].
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FIGURE 11 An example of experimental results obtained by photoelasticity. A hole is at
Xy =15mm and y,=0.

figure is presented in order to examine the property of the stress singularity at the
close vicinity of a bonding edge, as in the case of Figs. 4 and 5. Generally, the
maximum principal stress o, near the point where a stress singularity is caused is
expressed approximately by Eq. (11).

o(r)=K/r* (11)
where
o,(r) Maximum principal stress.
r Distance from singular point.
K Intensity of stress singularity.
A Order of stress singularity.

The parameter A is determined by the method demonstrated in References 12 and
13. In this paper, r is taken to be 0.04 and r is expressed by the equation
r=(l—x)/l. Determining the value of K from the distribution indicated on a

5-0 T T T

ol
— NUM
Lol NU )
o EXP
[o]
3.0} J
o
= ° o
© 2.0F
1.0k -
1 1 1 1
0.0 5 10 15 20 25

Distance x mm
FIGURE 12 Comparison of the numerical and experimental results (y = 0).
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Ul/UyM

-1.0 s

! -m=== plane strain

plane stress o

-2.0 L | L
-1.0 -0.5 0.0 0.5 1.0

X/L

at the interface (y=+h)
FIGURE 13 Comparison between the numerical result in plane stress and that in plane strain.

logarithmic scale, the equations for o, are expressed in Fig. 10 for the case of the
hole positions (xo, y,) = (0, 0) and (0.6/, 0).

4.5 Comparison of the numerical results with the experimental results

Figure 11 shows an example of the experimental results obtained by photoelas-
ticity. Figure 12 shows the stress distribution o, at y =0 in the x-direction in the
case where the joint has a hole at the position xy=15mm and y,=0 in the
adhesive. In numerical calculations, Young’s modulus and Poisson’s ratio of the
adhesive are put as 3.43 GPa and 0.376, respectively. The ordinate is the stress o,
and the abscissa is the distance x from the center of the adherend. The solid line
and the open circles represent the numerical and experimental results, respec-
tively. It is seen that the numerical results are fairly consistent with the
experimental results. Figure 13 shows the comparison between the numerical
results in the case of plane stress and in the case of plane strain. The maximum
stress is greater in plane strain than that in plane stress.

5 CONCLUSIONS

This paper dealt with a stress analysis of a butt adhesive joint having a circular
hole in the adhesive when the joint was subjected to an external bending
moment, in order to clarify the effects of a hole on the strength of the joint. For
verification, photoelastic experiments were performed. The results obtained are
as follows.
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(1) A method of analysis was demonstrated by using a two-dimensional theory of
elasticity (plane stress) in order to obtain the stress distribution in the adhesive.
(2) It was seen that a stress singularity was caused at the edge of the interface
and a stress concentration was also caused at the periphery of the hole. Fracture
was expected to occur at either of these two points.

(3) A stress concentration was caused at the hole periphery when an external
bending moment was applied, and the maximum stress varied with the position of
the hole. When the hole was shifted in the direction of adhesive thickness, the
value of the maximum stress decreased; when the hole was shifted in the direction
of adhesive width, it increased linearly with an increase in the shift of the hole.
(4) It was seen that the stress concentration at the hole periphery became larger
with an increase of the size of a hole.

(5) The stress distribution in the adhesive was measured by photoelastic
experiments, and it was shown that the analytical results were fairly consistent
with the experimental results obtained by photoelasticity.
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